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Ââåäåíèå
Êëàññè÷åñêàß äèññèïàòèâíàß ñèñòåìà ÍàâüåÑòîêñà äëß âßçêîé íåñæèìàåìîé
æèäêîñòè îáëàäàåò ñåìåéñòâîì ôèçè÷åñêè àäåêâàòíûõ ðåøåíèé [1]. Íå îñëàáåâàåò
èíòåðåñ ê ïðîáëåìå ïîñòðîåíèß åå íîâûõ òî÷íûõ ðåøåíèé [2], [3]. Ýòè ðåøåíèß
ìîãóò èñïîëüçîâàòüñß â êà÷åñòâå òåñòîâûõ ïðè ðàçðàáîòêå ÷èñëåííûõ ìåòîäîâ.
Â 1994 ã. àâòîðîì áûëà îïóáëèêîâàíà åùå îäíà ñèñòåìà óðàâíåíèé äëß ñëà-
áîñæèìàåìîé âßçêîé æèäêîñòè, ïîëó÷èâøàß íàçâàíèå êâàçèãèäðîäèíàìè÷åñêîé
(ÊÃÄ). Ôèçè÷åñêèå ïðèíöèïû ïîäõîäà èçëîæåíû â [4], [5]. Íåêîòîðûå òåîðåìû î
ñóùåñòâîâàíèè ðåøåíèé çàäà÷ Êîøè äëß ïîëíûõ è óïðîùåííûõ êâàçèãèäðîäèíà-
ìè÷åñêèõ óðàâíåíèé äîêàçàíû â [6].
ÊÃÄ ñèñòåìà äëß ñëàáîñæèìàåìîé âßçêîé æèäêîñòè òàêæå ßâëßåòñß äèññèïà-
òèâíîé è èìååò ãëóáîêèå ñâßçè ñ ñîîòâåòñòâóþùåé ñèñòåìîé Íàâüå-Ñòîêñà. Có-
ùåñòâóåò øèðîêèé ñïåêòð òî÷íûõ ðåøåíèé, ßâëßþùèõñß îáùèìè äëß óðàâíåíèé
ÍàâüåÑòîêñà è ÊÃÄ, à â ðßäå ñëó÷àåâ è äëß ñèñòåìû Ýéëåðà â äèíàìèêå èäåàëü-
íîé íåñæèìàåìîé æèäêîñòè [4], [5], [7]  [9].
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Â íàñòîßùåé ðàáîòå ïðåäëîæåíû íîâûå ìåòîäû ïîñòðîåíèß òî÷íûõ ðåøåíèé
ÊÃÄ ñèñòåìû äëß ñëàáîñæèìàåìîé âßçêîé æèäêîñòè è åå ñòîêñîâñêîãî ïðèáëèæå-
íèß. Ïîêàçàíî, ÷òî èçâåñòíûé ìåòîä êîìïëåêñíûõ ãèäðîäèíàìè÷åñêèõ ïîòåíöèà-
ëîâ ÝéëåðàÄàëàìáåðà [10], [11] ìîæåò ýôôåêòèâíî ïðèìåíßòüñß â òåîðèè ÊÃÄ.
Äëß êâàçèãèäðîäèíàìè÷åñêîé ñèñòåìû â ïðèáëèæåíèè Ñòîêñà äîêàçàíû òåîðåìà
î äèññèïàöèè ïîëíîé êèíåòè÷åñêîé ýíåðãèè è òåîðåìà î åäèíñòâåííîñòè êëàññè÷å-
ñêîãî ðåøåíèß îñíîâíîé íà÷àëüíî-êðàåâîé çàäà÷è.
1. Êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà äëß âßçêîé ñëàáîñæèìàåìîé
æèäêîñòè
Êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà, îïèñûâàþùàß äâèæåíèß ñëàáîñæèìàåìîé
âßçêîé æèäêîñòè áåç ó÷åòà âíåøíèõ ìàññîâûõ ñèë, ßâëßåòñß äèññèïàòèâíîé [4],
[5], [8] è ìîæåò áûòü çàïèñàíà â ñëåäóþùåì äèâåðãåíòíîì âèäå:
div ~u = div ~w, (1.1)
ρ
∂~u
∂t
+ ρ div (~u⊗ ~u) +∇p = 2η div σ̂ + ρ div [(~w ⊗ ~u) + (~u⊗ ~w)]. (1.2)
Çäåñü ñèìâîëîì σ̂ îáîçíà÷åí òåíçîð ñêîðîñòåé äåôîðìàöèé:
σ̂ = σ̂(~u) =
1
2
[
(∇⊗ ~u) + (∇⊗ ~u)T ]. (1.3)
Âåêòîð ~w, ñâßçàííûé ñ âåêòîðîì ïëîòíîñòè ïîòîêà ìàññû ~jm ñîîòíîøåíèåì ~jm =
ρ
(
~u− ~w), âû÷èñëßåòñß ñ ïîìîùüþ âûðàæåíèß
~w = τ
(
(~u · ∇)~u+ 1
ρ
∇p
)
. (1.4)
Ïëîòíîñòü ρ, êîýôôèöèåíò äèíàìè÷åñêîé âßçêîñòè η è õàðàêòåðíîå âðåìß ðåëàê-
ñàöèè τ ñ÷èòàþòñß çàäàííûìè ïîëîæèòåëüíûìè êîíñòàíòàìè. Ðåëàêñàöèîííûé
ïàðàìåòð τ îïðåäåëßåòñß ïî ôîðìóëå
τ =
η
ρ c2s
, (1.5)
ãäå cs  èçâåñòíàß ñêîðîñòü çâóêà â ñðåäå. Â çàïèñè ñèñòåìû (1.1)  (1.5), çàìêíóòîé
îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé  ñêîðîñòè ~u = ~u(~x, t) è äàâëåíèß p = p(~x, t),
èñïîëüçîâàíû ñòàíäàðòíûå îáîçíà÷åíèß èç òåíçîðíîãî àíàëèçà. Íàïðèìåð, äèàäà
(~u⊗ ~w) ïðåäñòàâëßåò ñîáîé òåíçîðèíâàðèàíò âòîðîãî ðàíãà, ïîëó÷åííûé êàê ïðß-
ìîå òåíçîðíîå ïðîèçâåäåíèå äâóõ âåêòîðîâ ~u è ~w. Â ïðåäåëå ïðè cs → +∞ ÊÃÄ
ñèñòåìà ïåðåõîäèò â êëàññè÷åñêóþ ñèñòåìó ÍàâüåÑòîêñà äëß âßçêîé íåñæèìàå-
ìîé æèäêîñòè.
Áåç îãðàíè÷åíèß îáùíîñòè ïîëîæèì ρ ðàâíîé åäèíèöå è âûïèøåì ÊÃÄ ñèñòåìó
äëß ñëó÷àß ïëîñêèõ óñòàíîâèâøèõñß òå÷åíèé:
∂ux
∂x
+
∂uy
∂y
=
∂wx
∂x
+
∂wy
∂y
, (1.6)
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∂(u2x)
∂x
+
∂(uyux)
∂y
+
∂p
∂x
=
= 2
∂
∂x
(
η
∂ux
∂x
)
+
∂
∂y
(
η
∂ux
∂y
)
+
∂
∂y
(
η
∂uy
∂x
)
+
+2
∂(uxwx)
∂x
+
∂(uxwy)
∂y
+
∂(uywx)
∂y
, (1.7)
∂(uxuy)
∂x
+
∂(u2y)
∂y
+
∂p
∂y
=
=
∂
∂x
(
η
∂uy
∂x
)
+ 2
∂
∂y
(
η
∂uy
∂y
)
+
∂
∂x
(
η
∂ux
∂y
)
+
+
∂(uywx)
∂x
+ 2
∂(uywy)
∂y
+
∂(uxwy)
∂x
. (1.8)
Çäåñü
wx = τ
(
ux
∂ux
∂x
+ uy
∂ux
∂y
+
∂p
∂x
)
, (1.9)
wy = τ
(
ux
∂uy
∂x
+ uy
∂uy
∂y
+
∂p
∂y
)
. (1.10)
Ôóíêöèè ux = ux(x, y), uy = uy(x, y) è p = p(x, y) ïîäëåæàò îïðåäåëåíèþ.
2. Ïîñòðîåíèå ðåøåíèé ñòàöèîíàðíûõ êâàçèãèäðîäèíàìè÷åñêèõ óðàâ-
íåíèé ñ ïîìîùüþ àíàëèòè÷åñêèõ ôóíêöèé (ìåòîä ÝéëåðàÄàëàìáåðà)
Áóäåì èñêàòü ÷àñòíûå ðåøåíèß ñèñòåìû (1.6)  (1.10), óäîâëåòâîðßþùèå óñëî-
âèßì ÝéëåðàÄàëàìáåðà
∂ux
∂x
+
∂uy
∂y
= 0, (2.1)
∂uy
∂x
− ∂ux
∂y
= 0. (2.2)
Òàêèì îáðàçîì, âåêòîðíîå ïîëå ~u = (ux, uy) ñ÷èòàåòñß ñîëåíîèäàëüíûì, à åãî çà-
âèõðåííîñòü
ω =
∂uy
∂x
− ∂ux
∂y
ðàâíà íóëþ. Èç (2.1), (2.2) ñëåäóåò, ÷òî
∆ux = 0, ∆uy = 0, (2.3)
ãäå ∆ = ∂2/∂x2 + ∂2/∂y2  äâóìåðíûé îïåðàòîð Ëàïëàñà.
Òåïåðü ïîòðåáóåì, ÷òîáû
ux
∂ux
∂x
+ uy
∂ux
∂y
+
∂p
∂x
= 0, (2.4)
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ux
∂uy
∂x
+ uy
∂uy
∂y
+
∂p
∂y
= 0. (2.5)
Ïîñêîëüêó τ åñòü ïîëîæèòåëüíàß ïîñòîßííàß, ïîñëåäíåå îçíà÷àåò, ÷òî
wx = 0, wy = 0. (2.6)
Ïóñòü V  îäíîñâßçíàß îáëàñòü íà ïëîñêîñòè R2x,y. Âûáåðåì ïðîèçâîëüíî äâå òî÷êè
(x0, y0) è (x1, y1), ïðèíàäëåæàùèå V , è ñîåäèíèì èõ êóñî÷íî-ãëàäêîé êðèâîé γ,
öåëèêîì ëåæàùåé â V . Ïðèíèìàß âî âíèìàíèå (2.4), (2.5) è (2.2), âû÷èñëèì
p(x1, y1) = p(x0, y0) +
∫
γ
dp = p(x0, y0) +
∫
γ
(∂p
∂x
dx+
∂p
∂y
dy
)
=
= p(x0, y0)−
∫
γ
((
ux
∂ux
∂x
+ uy
∂ux
∂y
)
dx+
(
ux
∂uy
∂x
+ uy
∂uy
∂y
)
dy
)
=
= p(x0, y0)−
∫
γ
((
ux
∂ux
∂x
+ uy
∂uy
∂x
)
dx+
(
ux
∂ux
∂y
+ uy
∂uy
∂y
)
dy
)
=
= p(x0, y0)−
∫
γ
(
ux d(ux) + uy d(uy)
)
= p(x0, y0)− 12
∫
γ
d
(
u2x + u
2
y
)
=
= p(x0, y0) +
1
2
(
u2x(x0, y0) + u
2
y(x0, y0)
)−
−1
2
(
u2x(x1, y1) + u
2
y(x1, y1)
)
. (2.7)
Ôîðìàëüíî ïîëàãàß (x1, y1) = (x, y) â (2.7), ìîæíî íàéòè äàâëåíèå p = p(x, y), åñëè
èçâåñòíû êîìïîíåíòû ñêîðîñòè ux = ux(x, y) è uy = uy(x, y):
p = p(x0, y0) +
1
2
(
u2x(x0, y0) + u
2
y(x0, y0)
)− 1
2
(
u2x + u
2
y
)
. (2.8)
Ââåäåì ôóíêöèþ òîêà Ψ è ïîòåíöèàë ïîëß ñêîðîñòè Φ ïî ôîðìóëàì
Ψ(x1, y1) = Ψ(x0, y0) +
∫
γ
(−uy dx+ ux dy), (2.9)
Φ(x1, y1) = Φ(x0, y0) +
∫
γ
(
ux dx+ uy dy
)
. (2.10)
Èç ôîðìóëû Ãðèíà è (2.1), (2.2) âûòåêàåò, ÷òî êðèâîëèíåéíûå èíòåãðàëû âòîðîãî
ðîäà (2.9) è (2.10) íå çàâèñßò îò ïóòè èíòåãðèðîâàíèß γ è äàííûå îïðåäåëåíèß
êîððåêòíû. Êðîìå òîãî,
ux =
∂Ψ
∂y
, uy = −∂Ψ
∂x
, (2.11)
ux =
∂Φ
∂x
, uy =
∂Φ
∂y
, (2.12)
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è âûïîëíßþòñß óñëîâèß ÊîøèÐèìàíà
∂Φ
∂x
=
∂Ψ
∂y
,
∂Φ
∂y
= −∂Ψ
∂x
. (2.13)
Ïóñòü z = x + iy, ãäå i  ìíèìàß åäèíèöà. Ââåäåì êîìïëåêñíûé ïîòåíöèàë
òå÷åíèß
f(z) = Φ(x, y) + iΨ(x, y). (2.14)
Â ñèëó (2.13) ïîòåíöèàë f(z) åñòü îäíîçíà÷íàß àíàëèòè÷åñêàß (ãîëîìîðôíàß) ôó-
íêöèß â îäíîñâßçíîé îáëàñòè V . Åñëè æå îáëàñòü V íå ßâëßåòñß îäíîñâßçíîé, òî
f(z) ìîæåò îêàçàòüñß ìíîãîçíà÷íîé àíàëèòè÷åñêîé ôóíêöèåé.
Ïîêàæåì, ÷òî êàæäàß àíàëèòè÷åñêàß ôóíêöèß f(z) ïîðîæäàåò íåêîòîðîå òî÷-
íîå ðåøåíèå (ux, uy, p) êâàçèãèäðîäèíàìè÷åñêîé ñèñòåìû (1.6)  (1.10). Äåéñòâè-
òåëüíî, çíàß f(z), ìîæíî c ïîìîùüþ (2.14) îïðåäåëèòü ôóíêöèè Φ = Φ(x, y), Ψ =
Ψ(x, y), à çàòåì ïî ôîðìóëàì (2.11) èëè (2.12) íàéòè êîìïîíåíòû ñêîðîñòè ux =
ux(x, y) è uy = uy(x, y). Ðàâåíñòâî (2.8) ïîçâîëßåò âû÷èñëèòü äàâëåíèå p = p(x, y).
Îñòàëîñü äîêàçàòü, ÷òî òðîéêà (ux, uy, p) îáðàçóåò òî÷íîå ðåøåíèå (1.6)  (1.10).
Â ñèëó (2.1), (2.6) óðàâíåíèå (1.6) óäîâëåòâîðßåòñß òîæäåñòâåííî. Ïðåäñòàâèì
(1.7), (1.8) â ýêâèâàëåíòíîì âèäå
ux
(∂ux
∂x
+
∂uy
∂y
)
+
wx
τ
= η
[
∆ux +
∂
∂x
(∂ux
∂x
+
∂uy
∂y
)]
+
+2
∂(uxwx)
∂x
+
∂(uxwy)
∂y
+
∂(uywx)
∂y
, (2.15)
uy
(∂ux
∂x
+
∂uy
∂y
)
+
wy
τ
= η
[
∆uy +
∂
∂y
(∂ux
∂x
+
∂uy
∂y
)]
+
+
∂(uywx)
∂x
+ 2
∂(uywy)
∂y
+
∂(uxwy)
∂x
. (2.16)
Ïðèíèìàß âî âíèìàíèå (2.1), (2.3) è (2.6), ïðèõîäèì ê çàêëþ÷åíèþ î òîì, ÷òî
ðàâåíñòâà (2.15), (2.16) âûïîëíßþòñß íà ðåøåíèè (ux, uy, p). Íåòðóäíî ïðîâåðèòü,
÷òî (ux, uy, p) ßâëßåòñß òàêæå òî÷íûì ðåøåíèåì ñîîòâåòñòâóþùèõ ñèñòåì Ýéëåðà
è ÍàâüåÑòîêñà.
Ðàññìîòðèì íåêîòîðûå èçâåñòíûå ïðèìåðû, èëëþñòðèðóþùèå âîçìîæíîñòè
ïðåäëîæåííîãî ïîäõîäà.
Ïðèìåð 1. Îäíîðîäíûé ïîòîê æèäêîñòè. Ïóñòü
f(z) = Az (2.17)
 ãîëîìîðôíàß íà âñåé êîìïëåêñíîé ïëîñêîñòè C ôóíêöèß. Çäåñü A = Ax + iAy
 çàäàííîå êîìïëåêñíîå ÷èñëî, A = Ax − iAy  åãî ñîïðßæåíèå, Ax ∈ R, Ay ∈ R.
Çàïèøåì f(z) â âèäå
f(z) = (Ax − iAy)(x+ iy) = (xAx + yAy) + i(yAx − xAy) = Φ(x, y) + iΨ(x, y),
ãäå
Φ(x, y) = xAx + yAy, Ψ(x, y) = yAx − xAy.
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Îòñþäà ñ ïîìîùüþ (2.12) íàõîäèì
ux = Ax, uy = Ay. (2.18)
Ñîîòíîøåíèå (2.8) äàåò
p = p0 = const. (2.19)
Òî÷íîå ðåøåíèå (2.18), (2.19) ÊÃÄ ñèñòåìû (1.6)  (1.10) îïèñûâàåò îäíîðîäíûé
ñòàöèîíàðíûé ïîòîê æèäêîñòè ñî ñêîðîñòüþ ~A = (Ax, Ay).
Ïðèìåð 2. Òå÷åíèå îò òî÷å÷íîãî èñòî÷íèêà (ñòîêà) ìàññû. Ðàññìîòðèì àíà-
ëèòè÷åñêóþ ôóíêöèþ
f(z) =
Q
2pi
Ln z, z 6= 0. (2.20)
Îïðåäåëèì êîìïîíåíòû âåêòîðà ñêîðîñòè ñ ïîìîùüþ èçâåñòíîé (ñì. [11] , c. 62)
ôîðìóëû
ux + iuy =
∂Φ
∂x
− i∂Ψ
∂x
= f ′(z).
Áóäåì èìåòü
ux =
Q
2pi
x
x2 + y2
, uy =
Q
2pi
y
x2 + y2
. (2.21)
Èç (2.8) íàõîäèì ðàñïðåäåëåíèå äàâëåíèß:
p = p∞ − Q
2
8pi2
1
x2 + y2
, (2.22)
ãäå p∞ = const. Òî÷íîå ðåøåíèå (2.21), (2.22) ñèñòåìû ÊÃÄ â îáëàñòè V = {(x, y) :
x2 + y2 > 0} îòâå÷àåò òî÷å÷íîìó èñòî÷íèêó (ñòîêó) ìàññû èíòåíñèâíîñòè Q.
Ïðèìåð 3. Òî÷å÷íûé âèõðü. Äëß àíàëèòè÷åñêîé ôóíêöèè
f(z) =
Γ
2pii
Ln z, z 6= 0, (2.23)
ñîñòàâëßþùèå âåêòîðà ñêîðîñòè èìåþò âèä
ux = − Γ2pi
y
x2 + y2
, uy =
Γ
2pi
x
x2 + y2
. (2.24)
Ðàñïðåäåëåíèå äàâëåíèß âûãëßäèò ñëåäóþùèì îáðàçîì:
p = p∞ − Γ
2
8pi2
1
x2 + y2
. (2.25)
Òî÷íîå ðåøåíèå (2.24), (2.25) êâàçèãèäðîäèíàìè÷åñêîé ñèñòåìû â îáëàñòè V =
{(x, y) : x2 + y2 > 0} îïèñûâàåò òî÷å÷íûé âèõðü èíòåíñèâíîñòè Γ, âðàùàþùèéñß
ïðîòèâ ÷àñîâîé ñòðåëêè. Àíàëîãè÷íî ìîæíî ïîñòðîèòü äðóãèå òî÷íûå ðåøåíèß
ÊÃÄ ñèñòåìû, ïîðîæäàåìûå àíàëèòè÷åñêèìè ôóíêöèßìè, íàïðèìåð, â çàäà÷àõ î
âèõðåèñòî÷íèêå è òî÷å÷íîì äèïîëå ñ çàäàííûì ìîìåíòîì [10], [11].
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3. Îáùèå òî÷íûå ðåøåíèß óðàâíåíèé ÍàâüåÑòîêñà è êâàçèãèäðîäèíà-
ìè÷åñêèõ óðàâíåíèé
Âûïèøåì êëàññè÷åñêóþ ñèñòåìó ÍàâüåÑòîêñà äëß âßçêîé íåñæèìàåìîé æèä-
êîñòè â íåäèâåðãåíòíîé ôîðìå áåç ó÷åòà âíåøíèõ ñèë:
div ~u = 0, (3.1)
ρ
∂~u
∂t
+ ρ(~u · ∇)~u+∇p = η∆~u. (3.2)
Çäåñü ∆  îïåðàòîð Ëàïëàñà. Ïóñòü V  îäíîñâßçíàß îáëàñòü â åâêëèäîâîì ïðî-
ñòðàíñòâå R3~x, T > 0, Ω = V ×(0, T )  îáëàñòü â R4~x,t. Áóäåì ðàññìàòðèâàòü ãëàäêèå
â Ω (íàïðèìåð, áåñêîíå÷íî-äèôôåðåíöèðóåìûå) ðåøåíèß ~u = ~u(~x, t), p = p(~x, t) ñè-
ñòåìû (3.1)  (3.2).
Òåîðåìà 1. Ïóñòü (~u, p) = (~u(~x, t), p(~x, t))  ðåøåíèå ñèñòåìû ÍàâüåÑòîêñà
(3.1)− (3.2) â îáëàñòè Ω è âûïîëíåíî óñëîâèå
ρ
∂
∂t
[
(~u · ∇)~u] = η[(∆~u · ∇)~u+ (~u · ∇)∆~u]. (3.3)
Òîãäà (~u, p) åñòü ðåøåíèå êâàçèãèäðîäèíàìè÷åñêîé ñèñòåìû (1.1)− (1.2).
Äîêàçàòåëüñòâî. Ïóñòü (~u, p)  ðåøåíèå ñèñòåìû ÍàâüåÑòîêñà (3.1)  (3.2).
Ïîäñòàâèì åãî â ñèñòåìó. Ïîäåéñòâóåì îïåðàòîðîì div íà îáå ÷àñòè (3.2) è ó÷òåì
(3.1). Ïîëó÷èì ðàâåíñòâî
div
(
ρ(~u · ∇)~u+∇p) = 0,
êîòîðîå ïåðåïèøåì â ðàâíîñèëüíîé ôîðìå
div ~w = 0. (3.4)
Èç (3.1) è (3.4) âûòåêàåò, ÷òî óðàâíåíèå (1.1) óäîâëåòâîðßåòñß òîæäåñòâåííî.
Ïðèíèìàß âî âíèìàíèå îáîçíà÷åíèå (1.4), ïðåäñòàâèì (1.2), (3.2) ñëåäóþùèì
îáðàçîì:
ρ
∂~u
∂t
+ ρ~u div ~u+ ρ ~w
τ
= η∆~u+ η∇(div ~u)+
+ρ~u div ~w + ρ~w div ~u+ ρ(~w · ∇)~u+ ρ(~u · ∇)~w, (3.5)
ρ
∂~u
∂t
+ ρ
~w
τ
= η∆~u. (3.6)
Ïîäñòàíîâêà (3.1), (3.4), (3.6) â (3.5) äàåò
(~w · ∇)~u+ (~u · ∇)~w = 0. (3.7)
Èç (3.6) íàõîäèì
~w =
τ
ρ
(
η∆~u− ρ∂~u
∂t
)
. (3.8)
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Êîìáèíàöèß (3.7) è (3.8) ïðèâîäèò ê ñîîòíîøåíèþ
η
[
(∆~u · ∇)~u+ (~u · ∇)∆~u]− ρ(∂~u
∂t
· ∇
)
~u− ρ(~u · ∇)∂~u
∂t
= 0,
êîòîðîå ìîæåò áûòü çàïèñàíî â ýêâèâàëåíòíîì âèäå (3.3). ¥
Ïðèìåð 4. Òå÷åíèå ÊóýòòàÏóàçåéëß. Ñèñòåìà ÍàâüåÑòîêñà (3.1)  (3.2)
äëß ïëîñêèõ óñòàíîâèâøèõñß òå÷åíèé è ïðè ρ = 1 èìååò âèä
∂ux
∂x
+
∂uy
∂y
= 0, (3.9)
ux
∂ux
∂x
+ uy
∂ux
∂y
+
∂p
∂x
= η
(∂2ux
∂x2
+
∂2ux
∂y2
)
, (3.10)
ux
∂uy
∂x
+ uy
∂uy
∂y
+
∂p
∂y
= η
(∂2uy
∂x2
+
∂2uy
∂y2
)
. (3.11)
Â ðàññìàòðèâàåìîì ñëó÷àå óñëîâèå (3.3) âûãëßäèò ñëåäóþùèì îáðàçîì:
(∆ux)
∂ux
∂x
+ (∆uy)
∂ux
∂y
+ ux
∂(∆ux)
∂x
+ uy
∂(∆ux)
∂y
= 0, (3.12)
(∆ux)
∂uy
∂x
+ (∆uy)
∂uy
∂y
+ ux
∂(∆uy)
∂x
+ uy
∂(∆uy)
∂y
= 0, (3.13)
ãäå ∆ = ∂2/∂x2 + ∂2/∂y2  äâóìåðíûé îïåðàòîð Ëàïëàñà. Íàáîð ôóíêöèé
ux =
A
2η
y2 + c1y + c2, uy = 0, p = Ax+B (3.14)
äàåò òî÷íîå ðåøåíèå (3.9)  (3.11). Çäåñü A, B, c1, c2  ïðîèçâîëüíûå ïîñòîßííûå.
Èìååì
∆ux =
A
η
, ∆uy = 0. (3.15)
Ïðè ïîäñòàíîâêå (3.14), (3.15) â (3.12), (3.13) ïîëó÷àþòñß èñòèííûå ðàâåíñòâà.
Ñîãëàñíî òåîðåìå 1 òðîéêà ôóíêöèé (3.14) îáðàçóåò òî÷íîå ðåøåíèå êâàçèãèäðî-
äèíàìè÷åñêîé ñèñòåìû (1.6)  (1.10). Åñëè
A =
p2 − p1
L
, B = p1, c1 =
p1 − p2
2ηL
H +
U
H
, c2 = 0,
òî çàâèñèìîñòè (3.14) ïðèíèìàþò âèä
ux =
p1 − p2
2ηL
y(H − y) + U
H
y, uy = 0, p =
(
1− x
L
)
p1 +
x
L
p2. (3.16)
Ôîðìóëû (3.16) îïèñûâàþò èçâåñòíîå òå÷åíèå ÊóýòòàÏóàçåéëß ìåæäó äâóìß ïà-
ðàëëåëüíûìè áåñêîíå÷íûìè ïëîñêèìè ïëàñòèíàìè ñ êîîðäèíàòàìè y = 0 è y =
H ñîîòâåòñòâåííî, íàõîäßùèìèñß íà ðàññòîßíèè H > 0 äðóã îò äðóãà. Íèæíßß
ïëàñòèíà íåïîäâèæíà, à âåðõíßß ïåðåìåùàåòñß ñ ïîñòîßííîé ñêîðîñòüþ U ïàðàë-
ëåëüíî îñè àáñöèññ. Çíà÷åíèß äàâëåíèß ïðè x1 = 0 è x2 = L > 0 ñîîòâåòñòâåííî
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ðàâíû p1 è p2. Äëß ïîëß ñêîðîñòè ~u = (ux, uy) íà íèæíåé è âåðõíåé îãðàíè÷èâàþ-
ùèõ ïëîñêîñòßõ âûïîëíåíû óñëîâèß ïðèëèïàíèß.
Ïðèìåðû äðóãèõ òî÷íûõ ôèçè÷åñêè àäåêâàòíûõ ðåøåíèé, îáùèõ äëß ñèñòåì
ÍàâüåÑòîêñà è ÊÃÄ, ìîæíî íàéòè â [4], [5], [8].
4. Êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà â ïðèáëèæåíèè Ñòîêñà. Òåîðåìà î
äèññèïàöèè êèíåòè÷åñêîé ýíåðãèè. Åäèíñòâåííîñòü ðåøåíèß íà÷àëüíî
êðàåâîé çàäà÷è
Êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà â ïðèáëèæåíèè Ñòîêñà áûëà âûâåäåíà â [4],
[5]. Áåç ó÷åòà âíåøíèõ ìàññîâûõ ñèë îíà èìååò âèä
div ~u = τ∆p, (4.1)
∂~u
∂t
+∇p = 2η div σ̂. (4.2)
Çäåñü
σ̂ = σ̂(~u) =
1
2
[
(∇⊗ ~u) + (∇⊗ ~u)T ]
 òåíçîð ñêîðîñòåé äåôîðìàöèé, ∆  òðåõìåðíûé îïåðàòîð Ëàïëàñà, ∇  îïåðàòîð
Ãàìèëüòîíà. Êîýôôèöèåíò äèíàìè÷åñêîé âßçêîñòè η è õàðàêòåðíîå âðåìß ðåëàê-
ñàöèè τ ñ÷èòàþòñß çàäàííûìè ïîëîæèòåëüíûìè êîíñòàíòàìè, ïðè÷åì τ îïðåäå-
ëßåòñß ñ ïîìîùüþ âûðàæåíèß (1.5). Ïîñòîßííàß ñðåäíßß ïëîòíîñòü æèäêîñòè ρ
ïîëîæåíà ðàâíîé åäèíèöå. Ñèñòåìà (4.1)  (4.2) çàìêíóòà îòíîñèòåëüíî íåèçâåñ-
òíûõ ôóíêöèé  ñêîðîñòè ~u = ~u(~x, t) è äàâëåíèß p = p(~x, t).
Ïóñòü V  îãðàíè÷åííàß îäíîñâßçíàß îáëàñòü â åâêëèäîâîì ïðîñòðàíñòâå R3~x
ñ êóñî÷íî-ãëàäêîé ãðàíèöåé ∂V , V = V ∪ ∂V  åå çàìûêàíèå, ~n = ~n(~x)  âåêòîð
âíåøíåé åäèíè÷íîé íîðìàëè ê ∂V â òî÷êå ~x ∈ ∂V , Q = V × [0, T ]  îãðàíè÷åííûé
èëè íåîãðàíè÷åííûé öèëèíäð â R3~x × Rt, Q = V × [0, T ]  åãî çàìûêàíèå, T  çà-
äàííîå ïîëîæèòåëüíîå ÷èñëî èëè ñèìâîë +∞ ñîîòâåòñòâåííî. Ïàðàìåòð t ∈ [0, T ]
áóäåì èíòåðïðåòèðîâàòü êàê âðåìß. Äîïîëíèì ñèñòåìó (4.1)  (4.2) íà÷àëüíûì
óñëîâèåì
~u
∣∣∣
t=0
= ~u0(~x), ~x ∈ V , (4.3)
ãðàíè÷íûìè óñëîâèßìè
~u
∣∣∣
∂V
= ~0,
∂p
∂~n
∣∣∣
∂V
= 0, t ∈ [0, T ], (4.4)
à òàêæå óñëîâèåì íîðìèðîâêè∫
V
p dV = 0, t ∈ [0, T ]. (4.5)
Ñèìâîëîì C2α,α~x, t (Q), ãäå α  íàòóðàëüíîå ÷èñëî, îáîçíà÷èì ñîâîêóïíîñòü íåïðå-
ðûâíûõ â Q ôóíêöèé f = f(~x, t), èìåþùèõ íåïðåðûâíûå â Q ÷àñòíûå ïðîèçâîäíûå
∂α1+α2+α3+βf
∂xα11 ∂x
α2
2 ∂x
α3
3 ∂t
β
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äëß ëþáûõ öåëûõ è íåîòðèöàòåëüíûõ ÷èñåë α1, α2, α3 è β, ïîä÷èíßþùèõñß íåðà-
âåíñòâó α1 + α2 + α3 + 2β 6 2α. Êëàññ C2α,α~x, t (Q) ñîñòîèò èç âåêòîðôóíêöèé ~f =
~f(~x, t) = (f1(~x, t), f2(~x, t), f3(~x, t)), êàæäàß êîìïîíåíòà fi êîòîðûõ ïðèíàäëåæèò
C2α,α~x, t (Q).
Ñèìâîëîì Cα,0~x,t (Q), ãäå α  íàòóðàëüíîå ÷èñëî, îáîçíà÷èì êëàññ âñåõ íåïðå-
ðûâíûõ â Q ôóíêöèé f = f(~x, t), ó êîòîðûõ ñóùåñòâóþò íåïðåðûâíûå â Q ïðîèç-
âîäíûå
∂α1+α2+α3f
∂xα11 ∂x
α2
2 ∂x
α3
3
ïðè ëþáûõ öåëûõ íåîòðèöàòåëüíûõ α1, α2, α3, òàêèõ, ÷òî α1+α2+α3 6 α.
Îïðåäåëåíèå. Ðåøåíèåì íà÷àëüíîêðàåâîé çàäà÷è (4.1)−(4.5), íàçîâåì ôóíê-
öèè ~u = ~u(~x, t) ∈ C2,1~x,t(Q)∩C1(Q), p = p(~x, t) ∈ C2,0~x,t (Q)∩C1,0~x,t (Q), óäîâëåòâîðßþ-
ùèå ïðè âñåõ (~x, t) ∈ Q óðàâíåíèßì (4.1)− (4.2), à òàêæå óñëîâèßì (4.3)− (4.5).
Èçó÷èì ñâîéñòâà ðåøåíèß ïîñòàâëåííîé íà÷àëüíî-êðàåâîé çàäà÷è, ñ÷èòàß, ÷òî
ïðè íåêîòîðûõ ~u0(~x) îíî ñóùåñòâóåò. Ñíà÷àëà ïîêàæåì, ÷òî ñèñòåìà (4.1)  (4.2)
ßâëßåòñß äèññèïàòèâíîé è äëß íåå ìîæåò áûòü âûâåäåíî óðàâíåíèå áàëàíñà êèíå-
òè÷åñêîé ýíåðãèè ñ íåîòðèöàòåëüíîé äèññèïàòèâíîé ôóíêöèåé. Ïóñòü
(
σ̂ : σ̂
)
=
3∑
i,j=1
σ2ij =
1
4
3∑
i,j=1
(∂uj
∂xi
+
∂ui
∂xj
)2
 äâîéíîå ñêàëßðíîå ïðîèçâåäåíèå äâóõ îäèíàêîâûõ òåíçîðîâ. Ñïðàâåäëèâà
Òåîðåìà 2. Íà ëþáîì ðåøåíèè ñèñòåìû (4.1)− (4.2) âûïîëíßåòñß óðàâíåíèå
áàëàíñà êèíåòè÷åñêîé ýíåðãèè
∂
∂t
(~u2
2
)
+ div
(
p~u− τp∇p− 2η(σ̂ · ~u)) = −Φ, (4.6)
â êîòîðîì
Φ = 2η
(
σ̂ : σ̂
)
+ τ(∇p)2 (4.7)
 íåîòðèöàòåëüíàß äèññèïàòèâíàß ôóíêöèß.
Äîêàçàòåëüñòâî. Óìíîæèì îáå ÷àñòè ðàâåíñòâà (4.2) ñêàëßðíî íà âåêòîð ~u.
Ýòî äàåò
~u · ∂~u
∂t
+ ~u · ∇p = 2η ~u · div σ̂. (4.8)
Ïðåîáðàçóåì íåêîòîðûå ÷ëåíû, âõîäßùèå â (4.8):
~u · ∂~u
∂t
=
1
2
∂
∂t
(~u · ~u) = ∂
∂t
(~u2
2
)
, (4.9)
~u · div σ̂ =
3∑
i=1
ui
3∑
j=1
∂σij
∂xj
=
3∑
i,j=1
ui
∂σij
∂xj
=
=
3∑
i,j=1
∂
∂xj
(σijui)−
3∑
i,j=1
σij
∂ui
∂xj
=
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=
3∑
j=1
∂
∂xj
( 3∑
i=1
σijui
)
− 1
2
3∑
i,j=1
σij
( ∂ui
∂xj
+
∂uj
∂xi
)
=
= div
(
σ̂ · ~u)− (σ̂ : σ̂). (4.10)
Çäåñü ó÷òåíà ñèììåòðè÷íîñòü ìàòðèöû σij . Ïîäñòàâèâ (4.9)  (4.10) â (4.8), áóäåì
èìåòü
∂
∂t
(~u2
2
)
+ ~u · ∇p− 2η div (σ̂ · ~u) = −2η(σ̂ : σ̂). (4.11)
Óìíîæèâ òåïåðü îáå ÷àñòè (4.1) íà p, ïðåîáðàçóåì ðåçóëüòàò ê âèäó
p div ~u = τdiv
(
p∇p)− τ(∇p)2. (4.12)
Ñêëàäûâàß (4.11), (4.12) è ïðèíèìàß âî âíèìàíèå (4.7), ïîëó÷èì (4.6).¥
Äëß ëþáîãî t ∈ [0, T ] íà ðåøåíèè ïîñòàâëåííîé íà÷àëüíîêðàåâîé çàäà÷è îïðå-
äåëèì ïîëíóþ êèíåòè÷åñêóþ ýíåðãèþ æèäêîñòè â îáúåìå
E(t) =
1
2
∫
V
~u2 dV. (4.13)
Èìååò ìåñòî ñëåäóþùàß òåîðåìà î äèññèïàöèè êèíåòè÷åñêîé ýíåðãèè.
Òåîðåìà 3. Ïóñòü ~u = ~u(~x, t), p = p(~x, t)  ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è
(4.1)− (4.5). Òîãäà ïîëíàß êèíåòè÷åñêàß ýíåðãèß æèäêîñòè E(t) ßâëßåòñß ôóíê-
öèåé êëàññà C1([0, T ]) è ïðè êàæäîì t ∈ [0, T ] âûïîëíßåòñß íåðàâåíñòâî
dE(t)
dt
6 0. (4.14)
Äîêàçàòåëüñòâî. Ïóñòü (~u, p)  ðåøåíèå íà÷àëüíîêðàåâîé çàäà÷è (4.1) 
(4.5). Ïîäñòàâèâ åãî â (4.6), ïðîèíòåãðèðóåì ïîëó÷åííîå ðàâåíñòâî ïî ìíîæåñòâó
V . Ïðèíèìàß âî âíèìàíèå ïðàâèëî Ëåéáíèöà è ôîðìóëó ÃàóññàÎñòðîãðàäñêîãî
(ñì., íàïðèìåð, [8]), áóäåì èìåòü
dE(t)
dt
+
∫∫
∂V
( ~A · ~n) dS = −
∫
V
Φ dV. (4.15)
Ïðè ýòîì E(t) ∈ C1([0, T ]). Âåêòîðíîå ïîëå
~A = p~u− τp∇p− 2η(σ̂ · ~u)
ïðè ôèêñèðîâàííîì t íåïðåðûâíî äèôôåðåíöèðóåìî â V è íåïðåðûâíî â V . Èç
ñâîéñòâ ãëàäêîñòè ðåøåíèß (~u, p) è êðàåâûõ óñëîâèé (4.4) ñëåäóåò, ÷òî ïîâåðõíîñò-
íûé èíòåãðàë âòîðîãî ðîäà â ëåâîé ÷àñòè (4.15) ðàâåí íóëþ. Ïîýòîìó
dE(t)
dt
= −
∫
V
Φ dV. (4.16)
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Íåðàâåíñòâî (4.14) ñëåäóåò èç (4.16), åñëè ó÷åñòü íåîòðèöàòåëüíîñòü äèññèïàòèâ-
íîé ôóíêöèè Φ. ¥
Òåîðåìà 4. Íà ðåøåíèè íà÷àëüíî-êðàåâîé çàäà÷è (4.1) − (4.5) ïðè ëþáîì t ∈
[0, T ] âûïîëíßþòñß íåðàâåíñòâà
dE(t)
dt
+ME(t) 6 0 (4.17)
è
dJ(t)
dt
6 0, (4.18)
ãäå J(t) = E(t)eMt, M  ïîëîæèòåëüíàß êîíñòàíòà.
Äîêàçàòåëüñòâî. Ñïðàâåäëèâà ñëåäóþùàß öåïî÷êà ðàâåíñòâ è íåðàâåíñòâ
−dE(t)
dt
=
∫
V
Φ dV = 2η
∫
V
(σ̂ : σ̂) dV + τ
∫
V
(∇p)2 dV >
> 2η
∫
V
(σ̂ : σ̂) dV > η
∫
V
3∑
i,j=1
(∂uj
∂xi
)2
dV > η
cF
∫
V
~u2 dV =
2η
cF
E(t). (4.19)
Çäåñü áûëè èñïîëüçîâàíû íåðàâåíñòâî Êîðíà
1
2
∫
V
3∑
i,j=1
(∂uj
∂xi
)2
dV 6
∫
V
(
σ̂(~u) : σ̂(~u)
)
dV
è íåðàâåíñòâî Ôðèäðèõñà∫
V
~u2 dV 6 cF
∫
V
3∑
i,j=1
(∂uj
∂xi
)2
dV,
êîòîðûå âûïîëíßþòñß äëß âåêòîð-ôóíêöèé ~u êëàññà C2(V ) ∩ C1(V ), îáðàùàþ-
ùèõñß â íóëü íà ∂V . Çäåñü cF  ïîëîæèòåëüíàß êîíñòàíòà, çàâèñßùàß òîëüêî îò
ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê V . Ïîëàãàß M = (2η)/cF , èç (4.19) âûâîäèì (4.17).
Ïðåäñòàâèì òåïåðü (4.17) â ýêâèâàëåíòíîì âèäå
e−Mt
dJ(t)
dt
6 0. (4.20)
Íåðàâåíñòâî (4.18) âûòåêàåò èç (4.20), ïîñêîëüêó ýêñïîíåíòà ïðèíèìàåò òîëüêî
ïîëîæèòåëüíûå çíà÷åíèß. ¥
Ñëåäñòâèå 1. Íà ïðîìåæóòêå [0, T ] ôóíêöèß J(t) ßâëßåòñß íåâîçðàñòàþùåé.
Ñëåäñòâèå 2. Ïðè ëþáîì t ∈ [0, T ] âûïîëíßåòñß íåðàâåíñòâî
E(t) 6 E(0)e−Mt. (4.21)
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Ñëåäñòâèå 3. Ïðè T = +∞ ïîëíàß êèíåòè÷åñêàß ýíåðãèß E(t) óáûâàåò íà
ïðîìåæóòêå [0, +∞) è ñòðåìèòñß ê íóëþ ïðè t→ +∞.
Èíòåãðèðóß (4.21) íà ìíîæåñòâå [0, T ], ïîëó÷èì íåðàâåíñòâî
T∫
0
E(t) dt 6 E(0)
M
(
1− e−MT
)
, (4.22)
êîòîðîå ìîæíî ïðåäñòàâèòü â ýêâèâàëåíòíîì âèäå∫
Q
~u2 dV dt 6 1
M
(
1− e−MT
)∫
V
~u20 dV. (4.23)
Â ÷àñòíîñòè, ∫
Q
~u2 dV dt 6 1
M
∫
V
~u20 dV (4.24)
ïðè ëþáîì êîíå÷íîì èëè áåñêîíå÷íîì T .
Ïðîèíòåãðèðóåì òåïåðü (4.16) ïî ïðîìåæóòêó [0, T ]:
E(0)− E(T ) =
T∫
0
dt
∫
V
Φ dV =
∫
Q
Φ dV dt =
=
∫
Q
(
2η
(
σ̂ : σ̂
)
+ τ(∇p)2
)
dV dt > τ
∫
Q
(∇p)2 dV dt. (4.25)
Èç (4.25) íàõîäèì ∫
Q
(∇p)2 dV dt 6 1
τ
(
E(0)− E(T )) 6 E(0)
τ
.
Îòñþäà ∫
Q
(∇p)2 dV dt 6 1
2τ
∫
V
~u20 dV. (4.26)
Â ñèëó óñëîâèß íîðìèðîâêè (4.5), íåðàâåíñòâî Ïóàíêàðå äëß ôóíêöèè p èìååò âèä∫
V
p2 dV 6 cP
∫
V
(∇p)2 dV, (4.27)
ãäå cP  ïîëîæèòåëüíàß ïîñòîßííàß, çàâèñßùàß òîëüêî îò ãåîìåòðè÷åñêèõ õàðàê-
òåðèñòèê V . Èíòåãðèðîâàíèå (4.27) ïî ìíîæåñòâó [0, T ] äàåò∫
Q
p2 dV dt 6 cP
∫
Q
(∇p)2 dV dt. (4.28)
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Èç (4.26) è (4.28) íàõîäèì ∫
Q
p2 dV dt 6 cP
2τ
∫
V
~u20 dV. (4.29)
Ýíåðãåòè÷åñêèå îöåíêè (4.22)  (4.24), âêëþ÷àþùèå ñêîðîñòü ~u, ñïðàâåäëèâû è
íà ðåøåíèßõ àíàëîãè÷íî ïîñòàâëåííîé çàäà÷è äëß êëàññè÷åñêîé íåñòàöèîíàðíîé
ñèñòåìû Ñòîêñà. Ñîäåðæàùèå p íåðàâåíñòâà (4.26), (4.29) ñïåöèôè÷íû äëß ÊÃÄ
ñèñòåìû (4.1)  (4.2) è ßâëßåòñß ñëåäñòâèåì áîëåå ñëîæíîé ñòðóêòóðû äèññèïàòèâ-
íîãî ôóíêöèîíàëà Φ.
Òåîðåìà 5. Ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (4.1) − (4.5) ßâëßåòñß åäèí-
ñòâåííûì.
Äîêàçàòåëüñòâî. Â ñèëó ëèíåéíîñòè çàäà÷è (4.1)  (4.5) äîñòàòî÷íî ïîêàçàòü,
÷òî ïðè óñëîâèè ~u0(~x) = ~0, ~x ∈ V êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà â ïðèáëèæåíèè
Ñòîêñà èìååò òîëüêî òðèâèàëüíîå ðåøåíèå ~u = ~0, p = 0. Ïîñëåäíåå âûòåêàåò èç
íåðàâåíñòâ (4.24), (4.29). ¥
Îòêðûòîé îñòàåòñß
Ïðîáëåìà (Øåðåòîâ Þ.Â.). Äîêàçàòü ñóùåñòâîâàíèå ðåøåíèß (â êëàññè-
÷åñêîì èëè îáîáùåííîì ñìûñëå) íà÷àëüíî-êðàåâîé çàäà÷è (4.1)− (4.5).
5. Äâîéñòâåííàß êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà â ïðèáëèæåíèè
Ñòîêñà
Ñòîêñîâñêîå ïðèáëèæåíèå êâàçèãèäðîäèíàìè÷åñêîé ñèñòåìû äëß ïëîñêèõ íå-
ñòàöèîíàðíûõ òå÷åíèé èìååò âèä
∂ux
∂x
+
∂uy
∂y
= τ
(∂2p
∂x2
+
∂2p
∂y2
)
, (5.1)
∂ux
∂t
+
∂p
∂x
= η
(
2
∂2ux
∂x2
+
∂2ux
∂y2
+
∂2uy
∂y∂x
)
, (5.2)
∂uy
∂t
+
∂p
∂y
= η
(
2
∂2uy
∂y2
+
∂2uy
∂x2
+
∂2ux
∂x∂y
)
. (5.3)
Çäåñü ux = ux(x, y, t) è uy = uy(x, y, t)  ïðîåêöèè âåêòîðà ñêîðîñòè íà îñè ox
è oy äåêàðòîâîé ñèñòåìû êîîðäèíàò, p = p(x, y, t)  äàâëåíèå, η è τ  çàäàííûå
ïîëîæèòåëüíûå ïîñòîßííûå, èíòåðïðåòèðóåìûå êàê êîýôôèöèåíò êèíåìàòè÷åñ-
êîé âßçêîñòè è õàðàêòåðíîå âðåìß ðåëàêñàöèè ñîîòâåòñòâåííî. Ïðè τ → 0 ñèñòåìà
(5.1)  (5.3) ïåðåõîäèò â êëàññè÷åñêóþ íåñòàöèîíàðíóþ ñèñòåìó Ñòîêñà.
Ïóñòü (ux, uy, p)  ðåøåíèå ñèñòåìû (5.1)  (5.3), êîìïîíåíòû êîòîðîãî ßâëßþò-
ñß äîñòàòî÷íî ãëàäêèìè (íàïðèìåð, áåñêîíå÷íî äèôôåðåíöèðóåìûìè) ôóíêöèßìè
ïðîñòðàíñòâåííûõ êîîðäèíàò è âðåìåíè. Ïîäñòàâèì åãî â óêàçàííóþ ñèñòåìó. Ïðå-
îáðàçóåì ðàâåíñòâî (5.1) ê âèäó
∂
∂x
(
ux − τ ∂p
∂x
)
+
∂
∂y
(
uy − τ ∂p
∂y
)
= 0. (5.4)
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Âîñïîëüçîâàâøèñü (5.4), â ëþáîé ìîìåíò âðåìåíè t > 0 íà ïëîñêîñòè R2 = R2x,y
îïðåäåëèì ôóíêöèþ òîêà ψ = ψ(x, y, t), êîòîðàß ñâßçàíà ñ êîìïîíåíòàìè ñêîðîñòè
è ÷àñòíûìè ïðîèçâîäíûìè îò äàâëåíèß ïîñðåäñòâîì ñîîòíîøåíèé
ux − τ ∂p
∂x
=
∂ψ
∂y
, (5.5)
−uy + τ ∂p
∂y
=
∂ψ
∂x
. (5.6)
Ñ ïîìîùüþ âûðàæåíèé
ω =
∂uy
∂x
− ∂ux
∂y
, (5.7)
ξ =
∂ux
∂x
+
∂uy
∂y
(5.8)
îïðåäåëèì âèõðü è äèâåðãåíöèþ âåêòîðíîãî ïîëß ~u = (ux, uy). Ïðîäèôôåðåíöè-
ðóåì (5.5) ïî y, à (5.6) ïî x, çàòåì ñëîæèì ïîëó÷åííûå ðàâåíñòâà. Ïðèíèìàß âî
âíèìàíèå òåîðåìó Øâàðöà î ðàâåíñòâå ñìåøàííûõ ïðîèçâîäíûõ è îïðåäåëåíèå
(5.7), ïîëó÷èì óðàâíåíèå
∆ψ = −ω. (5.9)
Ñëåäñòâèåì (5.1), (5.8) ßâëßåòñß ñîîòíîøåíèå
∆p =
ξ
τ
. (5.10)
Çàïèøåì (5.2), (5.3) â ýêâèâàëåíòíîé ôîðìå
∂ux
∂t
+
∂p
∂x
= η
(
∆ux +
∂ξ
∂x
)
, (5.11)
∂uy
∂t
+
∂p
∂y
= η
(
∆uy +
∂ξ
∂y
)
. (5.12)
Èç ïðîäèôôåðåíöèðîâàííîãî ïî ïåðåìåííîé x ðàâåíñòâà (5.12) âû÷òåì ðàâåíñòâî
(5.11), ïðîäèôôåðåíöèðîâàííîå ïî y. Ó÷èòûâàß îïðåäåëåíèå (5.7), íàõîäèì
∂ω
∂t
= η∆ω. (5.13)
Òåïåðü ñëîæèì ðàâåíñòâà (5.11) è (5.12), ïðîäèôôåðåíöèðîâàííûå ïî ïåðåìåííûì
x è y ñîîòâåòñòâåííî. Ïîëó÷èì òîæäåñòâî
∂ξ
∂t
+∆p = 2η∆ξ,
êîòîðîå ñ ïîìîùüþ (5.10) ìîæåò áûòü ïðåîáðàçîâàíî ê âèäó
∂ξ
∂t
+
ξ
τ
= 2η∆ξ. (5.14)
Ñèñòåìà èç ÷åòûðåõ óðàâíåíèé (5.13), (5.14), (5.9), (5.10) âêëþ÷àåò ÷åòûðå íåèç-
âåñòíûå ôóíêöèè ω = ω(x, y, t), ξ = ξ(x, y, t), ψ = ψ(x, y, t), p = p(x, y, t). Âñßêîå
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ãëàäêîå ðåøåíèå (ux, uy, p) ñèñòåìû (5.1)  (5.3) ïîðîæäàåò íåêîòîðîå ãëàäêîå ðå-
øåíèå (ω, ξ, ψ, p) ñèñòåìû (5.13), (5.14), (5.9), (5.10).
Òåîðåìà 6. Ïóñòü (ω, ξ, ψ, p)  áåñêîíå÷íî äèôôåðåíöèðóåìîå ðåøåíèå ñèñ-
òåìû (5.13), (5.14), (5.9), (5.10), ïðè÷åì âñå ÷àñòíûå ïðîèçâîäíûå ôóíêöèé ψ è
p ïåðâîãî è âûñøèõ ïîðßäêîâ ïî ïåðåìåííûì x, y è t ñòðåìßòñß ê íóëþ ïðè
r =
√
x2 + y2 → +∞. Òîãäà òðîéêà ôóíêöèé (ux, uy, p), ãäå
ux =
∂ψ
∂y
+ τ
∂p
∂x
, (5.15)
uy = −∂ψ
∂x
+ τ
∂p
∂y
, (5.16)
îáðàçóåò ðåøåíèå ñèñòåìû (5.1)− (5.3).
Äîêàçàòåëüñòâî. Èç (5.15), (5.16) ñëåäóåò, ÷òî ôóíêöèè ux, uy è p óäîâëåòâî-
ðßþò óðàâíåíèþ (5.1). Ïîäåéñòâóåì òåïåðü îïåðàòîðîì Ëàïëàñà ∆ íà îáå ÷àñòè
ðàâåíñòâ (5.15), (5.16). Ïðèíèìàß âî âíèìàíèå ôîðìóëû (5.9), (5.10), ïðåîáðàçóåì
íàéäåííûå ñîîòíîøåíèß ê âèäó
∆ux =
∂ξ
∂x
− ∂ω
∂y
, (5.17)
∆uy =
∂ω
∂x
+
∂ξ
∂y
. (5.18)
Ïðîäèôôåðåíöèðóåì (5.17) è (5.18) ïî t:
∆
(∂ux
∂t
)
=
∂
∂x
(∂ξ
∂t
)
− ∂
∂y
(∂ω
∂t
)
, (5.19)
∆
(∂uy
∂t
)
=
∂
∂x
(∂ω
∂t
)
+
∂
∂y
(∂ξ
∂t
)
. (5.20)
Èñêëþ÷èì â (5.19), (5.20) ïðîèçâîäíûå ∂ω/∂t è ∂ξ/∂t, èñïîëüçóß (5.13), (5.14).
Åñëè ó÷åñòü ôîðìóëû (5.7)  (5.10), òî ïîëó÷èì
∆
[∂ux
∂t
+
∂p
∂x
− η
(
2
∂2ux
∂x2
+
∂2ux
∂y2
+
∂2uy
∂y∂x
)]
= 0,
∆
[∂uy
∂t
+
∂p
∂y
− η
(
2
∂2uy
∂y2
+
∂2uy
∂x2
+
∂2ux
∂x∂y
)]
= 0.
Èòàê, â ëþáîé ôèêñèðîâàííûé ìîìåíò âðåìåíè t ôóíêöèè
∂ux
∂t
+
∂p
∂x
− η
(
2
∂2ux
∂x2
+
∂2ux
∂y2
+
∂2uy
∂y∂x
)
, (5.21)
∂uy
∂t
+
∂p
∂y
− η
(
2
∂2uy
∂y2
+
∂2uy
∂x2
+
∂2ux
∂x∂y
)
(5.22)
ßâëßþòñß ãàðìîíè÷åñêèìè. Êðîìå òîãî, îíè îãðàíè÷åíû íà R2. Íî ëþáàß ãàðìîíè-
÷åñêàß è îãðàíè÷åííàß íà âñåé ïëîñêîñòè ôóíêöèß ßâëßåòñß ïîñòîßííîé (ñì. [10],
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c. 191). Ïîñêîëüêó âñå ÷ëåíû â (5.21), (5.22) ñòðåìßòñß ê íóëþ ïðè r → +∞, ýòà
êîíñòàíòà â êàæäûé ìîìåíò âðåìåíè ðàâíà íóëþ. Îòñþäà ñëåäóåò, ÷òî óäîâëåòâî-
ðßþòñß óðàâíåíèß (5.2), (5.3). Òàêèì îáðàçîì, ðåøåíèå (ω, ξ, ψ, p) ñèñòåìû (5.13),
(5.14), (5.9), (5.10) ñ îïèñàííûìè âûøå ñâîéñòâàìè ïîðîæäàåò ðåøåíèå èñõîäíîé
ñèñòåìû (5.1)  (5.3). ¥
Óðàâíåíèå (5.14) ïðåîáðàçóåì ñëåäóþùèì îáðàçîì:
∂
∂t
(
et/τξ
)
= 2η∆
(
et/τ ξ
)
. (5.23)
Ïóñòü
ζ = et/τξ. (5.24)
Ñ ó÷åòîì îáîçíà÷åíèß (5.24) óðàâíåíèß (5.10), (5.23) ïðèíèìàþò âèä
∆p =
ζ
τ
e−t/τ , (5.25)
∂ζ
∂t
= 2η∆ζ. (5.26)
Î÷åâèäíî, ÷òî ñèñòåìà (5.13), (5.26), (5.9), (5.25), êîòîðóþ íàçîâåì äâîéñòâåííîé
ïî îòíîøåíèþ ê (5.1)  (5.3), ýêâèâàëåíòíà ñèñòåìå (5.13), (5.14), (5.9), (5.10).
Äâîéñòâåííàß ñèñòåìà ñîäåðæèò äâà óðàâíåíèß òåïëîïðîâîäíîñòè Ôóðüå è äâà
óðàâíåíèß Ïóàññîíà, ñâîéñòâà êîòîðûõ õîðîøî èçó÷åíû. ×åòûðå âõîäßùèå â íåå
ôóíêöèè ω = ω(x, y, t), ζ = ζ(x, y, t), ψ = ψ(x, y, t), p = p(x, y, t) ïîäëåæàò îïðåäå-
ëåíèþ.
6. Ïîñòðîåíèå ðåøåíèé çàäà÷ Êîøè äëß íåñòàöèîíàðíûõ êâàçèãèäðî-
äèíàìè÷åñêèõ óðàâíåíèé â ïðèáëèæåíèè Ñòîêñà
Äîïîëíèì ñèñòåìó (5.1)  (5.3) íà÷àëüíûìè óñëîâèßìè
ux
∣∣∣
t=0
= u(0)x (x, y), uy
∣∣∣
t=0
= u(0)y (x, y), (x, y) ∈ R2. (6.1)
Çäåñü u(0)x = u(0)x (x, y), u(0)y = u(0)y (x, y)  çàäàííûå áåñêîíå÷íî äèôôåðåíöèðóå-
ìûå íà ïëîñêîñòè R2 ôóíêöèè. Èçëîæèì ìåòîä ïîñòðîåíèß ðåøåíèé çàäà÷è Êîøè
(5.1)  (5.3), (6.1).
Ïðåäïîëîæèì, ÷òî ïðè ïðîèçâîëüíîì t > 0 è r =
√
x2 + y2 → +∞ âûïîëíßþò-
ñß óñëîâèß
ux → 0, uy → 0
è ÷àñòíûå ïðîèçâîäíûå âñåõ ïîðßäêîâ îò ôóíêöèé ux, uy è p ñòðåìßòñß ê íóëþ
ïðè r → +∞. Âû÷èñëèì
ω0(x, y) =
∂u
(0)
y
∂x
− ∂u
(0)
x
∂y
, ξ0(x, y) =
∂u
(0)
x
∂x
+
∂u
(0)
y
∂y
.
Èç (5.24) âûòåêàåò ðàâåíñòâî ζ0(x, y) = ξ0(x, y). Äîïîëíèì äâîéñòâåííóþ ñèñòåìó
íà÷àëüíûìè óñëîâèßìè
ω
∣∣∣
t=0
= ω0(x, y), (6.2)
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ζ
∣∣∣
t=0
= ζ0(x, y), (x, y) ∈ R2. (6.3)
Ôîðìàëüíîå ðåøåíèå çàäà÷è Êîøè (5.13), (5.26), (5.9), (5.25), (6.2), (6.3) ìîæåò
áûòü íàéäåíî ñ ïîìîùüþ èçâåñòíûõ èç êóðñîâ ìàòåìàòè÷åñêîé ôèçèêè (ñì. [11],
[12]) ôîðìóë:
ω(x, y, t) =
1
4ηpit
∫∫
R2
ω0(x∗, y∗) e
−
(x∗ − x)2 + (y∗ − y)2
4ηt dx∗dy∗, (6.4)
ζ(x, y, t) =
1
8ηpit
∫∫
R2
ζ0(x∗, y∗) e
−
(x∗ − x)2 + (y∗ − y)2
8ηt dx∗dy∗, (6.5)
ψ(x, y, t) = ψ0(x, y, t)− 14pi
∫∫
R2
ω(x∗, y∗, t) ln
[
(x∗ − x)2 + (y∗ − y)2
]
dx∗dy∗, (6.6)
p(x, y, t) = p0(x, y, t) +
e−t/τ
4piτ
∫∫
R2
ζ(x∗, y∗, t) ln
[
(x∗ − x)2 + (y∗ − y)2
]
dx∗dy∗. (6.7)
Çäåñü ψ0(x, y, t) è p0(x, y, t)  ïðîèçâîëüíûå ôóíêöèè, ßâëßþùèåñß ïðè êàæäîì
ôèêñèðîâàííîì t > 0 ãàðìîíè÷åñêèìè íà âñåé ïëîñêîñòè R2, ïðè÷åì âñå èõ ÷àñò-
íûå ïðîèçâîäíûå ïåðâîãî è âûñøèõ ïîðßäêîâ ñòðåìßòñß ê íóëþ ïðè r → +∞.
Ïîñòðîåííîå ðåøåíèå èìååò ñìûñë òîëüêî â òîì ñëó÷àå, êîãäà âñå èíòåãðàëû â
ïðàâûõ ÷àñòßõ (6.4)  (6.7) ñóùåñòâóþò.
Ïðèâåäåì ïðèìåðû òî÷íûõ ðåøåíèé ïîñòàâëåííîé çàäà÷è Êîøè, êîòîðûå ìî-
ãóò áûòü ïîñòðîåíû ñ ïîìîùüþ äâîéñòâåííîé ÊÃÄ ñèñòåìû â ïðèáëèæåíèè Ñòîê-
ñà.
Ïðèìåð 5. Äèôôóçèß âèõðß ñ ñîëåíîèäàëüíûì ïîëåì ñêîðîñòè. Ïóñòü
ω0(x, y) =
Γ
4piηt0
e
−
x2 + y2
4ηt0 , (6.8)
ζ0(x, y) = 0, (x, y) ∈ R2. (6.9)
Çäåñü Γ è t0  çàäàííûå ïîëîæèòåëüíûå êîíñòàíòû. Íåïîñðåäñòâåííîé ïðîâåðêîé
óáåæäàåìñß â òîì, ÷òî ôóíêöèß
ω(x, y, t) =
Γ
4piη(t0 + t)
e
−
x2 + y2
4η(t0 + t) (6.10)
ßâëßåòñß ðåøåíèåì çàäà÷è Êîøè (5.13), (6.2). Ââåäåì ïîëßðíûå êîîðäèíàòû (r, ϕ),
ñâßçàííûå ñ äåêàðòîâûìè êîîðäèíàòàìè (x, y) ïîñðåäñòâîì ñîîòíîøåíèé
x = r cosϕ, y = r sinϕ.
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Ôóíêöèß ω â ýòèõ ïåðåìåííûõ âûãëßäèò ñëåäóþùèì îáðàçîì:
ω(r, t) =
Γ
4piη(t0 + t)
e
−
r2
4η(t0 + t) . (6.11)
Çàïèøåì óðàâíåíèå Ïóàññîíà (5.9) â ïîëßðíûõ êîîðäèíàòàõ, ñ÷èòàß, ÷òî ψ =
ψ(r, t):
1
r
∂
∂r
(
r
∂ψ(r, t)
∂r
)
= −ω(r, t). (6.12)
Ïîäñòàâèâ (6.11) â (6.12), ïîëó÷èì ðàâåíñòâî
∂
∂r
(
r
∂ψ(r, t)
∂r
)
= − Γ
4piη(t0 + t)
re
−
r2
4η(t0 + t) . (6.13)
Ôîðìàëüíî çàìåíèâ ïåðåìåííóþ r íà r∗, ïðåäñòàâèì (6.13) â ýêâèâàëåíòíîì âèäå
∂
∂r∗
(
r∗
∂ψ(r∗, t)
∂r∗
)
=
Γ
2pi
∂
∂r∗
e
−
r2∗
4η(t0 + t) . (6.14)
Ïðîèíòåãðèðóåì (6.14) ïî ïåðåìåííîé r∗ íà îòðåçêå [0, r], ïðèíèìàß âî âíèìàíèå
íåïðåðûâíîñòü ôóíêöèè ∂ψ(r, t)/∂r â òî÷êå (0, t). Áóäåì èìåòü
∂ψ(r, t)
∂r
= − Γ
2pir
(
1− e
−
r2
4η(t0 + t)
)
. (6.15)
Òåì æå ñïîñîáîì èç (6.15) íàõîäèì
ψ(r, t) = ψ0(t)− Γ2pi
r∫
0
1
r∗
(
1− e
−
r2∗
4η(t0 + t)
)
dr∗. (6.16)
Çäåñü ψ0(t)  ïðîèçâîëüíàß ôóíêöèß âðåìåíè. Ïåðåõîä â (6.16) îò ïîëßðíûõ ê
äåêàðòîâûì êîîðäèíàòàì äàåò
ψ(x, y, t) = ψ0(t)− Γ2pi
√
x2+y2∫
0
1
r∗
(
1− e
−
r2∗
4η(t0 + t)
)
dr∗. (6.17)
Ôóíêöèè
ζ(x, y, t) = 0, (6.18)
p(x, y, t) = p0(t), (6.19)
ãäå p0(t)  ïðîèçâîëüíàß ôóíêöèß âðåìåíè, óäîâëåòâîðßþò óðàâíåíèßì (5.26),
(5.25) è óñëîâèþ (6.3). Çàâèñèìîñòè (6.10), (6.18), (6.17), (6.19) îáðàçóþò ðåøå-
íèå (ω, ζ, ψ, p) ïîñòàâëåííîé çàäà÷è Êîøè äëß äâîéñòâåííîé ñèñòåìû. Èñïîëüçóß
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(5.15), (5.16), (6.17), (6.19), ñòðîèì ðåøåíèå
ux = − Γ2pi
y
x2 + y2
(
1− e
−
x2 + y2
4η(t0 + t)
)
, (6.20)
uy =
Γ
2pi
x
x2 + y2
(
1− e
−
x2 + y2
4η(t0 + t)
)
, (6.21)
p = p0(t) (6.22)
ñèñòåìû (5.1)  (5.3), óäîâëåòâîðßþùåå íà÷àëüíûì óñëîâèßì
ux
∣∣∣
t=0
= − Γ
2pi
y
x2 + y2
(
1− e
−
x2 + y2
4ηt0
)
,
uy
∣∣∣
t=0
=
Γ
2pi
x
x2 + y2
(
1− e
−
x2 + y2
4ηt0
)
.
Íåòðóäíî ïðîâåðèòü, ÷òî ðàâåíñòâà (6.20)  (6.22) çàäàþò òàêæå òî÷íîå ðåøå-
íèå êëàññè÷åñêîé íåñòàöèîíàðíîé ñèñòåìû Ñòîêñà, ïîñêîëüêó âåêòîðíîå ïîëå
~u = (ux, uy) ßâëßåòñß ñîëåíîèäàëüíûì.
Ïðèìåð 6. Äèôôóçèß âèõðß ñ íåñîëåíîèäàëüíûì ïîëåì ñêîðîñòè. Ïðåäïîëî-
æèì, ÷òî
ω0(x, y) =
1
4piηt0
e
−
x2 + y2
4ηt0 ,
ζ0(x, y) =
1
8piηt0
e
−
x2 + y2
8ηt0 , (x, y) ∈ R2.
Òåì æå ñïîñîáîì ñòðîèì ðåøåíèå äâîéñòâåííîé ñèñòåìû ñ íà÷àëüíûìè óñëîâèßìè
(6.2), (6.3):
ω(x, y, t) =
1
4piη(t0 + t)
e
−
x2 + y2
4η(t0 + t) , (6.23)
ζ(x, y, t) =
1
8piη(t0 + t)
e
−
x2 + y2
8η(t0 + t) , (6.24)
ψ(x, y, t) = ψ0(t)− 12pi
√
x2+y2∫
0
1
r∗
(
1− e
−
r2∗
4η(t0 + t)
)
dr∗, (6.25)
p(x, y, t) = p0(t) +
e− t/τ
2piτ
√
x2+y2∫
0
1
r∗
(
1− e
−
r2∗
8η(t0 + t)
)
dr∗. (6.26)
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Çäåñü ψ0(t) è p0(t)  ïðîèçâîëüíûå ôóíêöèè âðåìåíè. Ïðèíèìàß âî âíèìàíèå òåî-
ðåìó 6 è îñóùåñòâëßß ïåðåõîä ê ïåðåìåííûì (ux, uy, p), ïîëó÷èì
ux = − 12pi
y
x2 + y2
(
1− e
−
x2 + y2
4η(t0 + t)
)
+
+
e− t/τ
2pi
x
x2 + y2
(
1− e
−
x2 + y2
8η(t0 + t)
)
, (6.27)
uy =
1
2pi
x
x2 + y2
(
1− e
−
x2 + y2
4η(t0 + t)
)
+
+
e− t/τ
2pi
y
x2 + y2
(
1− e
−
x2 + y2
8η(t0 + t)
)
, (6.28)
p = p0(t) +
e− t/τ
2piτ
√
x2+y2∫
0
1
r∗
(
1− e
−
r2∗
8η(t0 + t)
)
dr∗. (6.29)
Íà÷àëüíûå óñëîâèß èìåþò âèä
ux
∣∣∣
t=0
= − 1
2pi
y
x2 + y2
(
1− e
−
x2 + y2
4ηt0
)
+
1
2pi
x
x2 + y2
(
1− e
−
x2 + y2
8ηt0
)
,
uy
∣∣∣
t=0
=
1
2pi
x
x2 + y2
(
1− e
−
x2 + y2
4ηt0
)
+
1
2pi
y
x2 + y2
(
1− e
−
x2 + y2
8ηt0
)
.
Ðåøåíèå (6.27)  (6.29) çàäà÷è Êîøè (5.1)  (5.3), (6.1) íå óäîâëåòâîðßåò êëàñ-
ñè÷åñêîé ñèñòåìå Ñòîêñà, ïîñêîëüêó ïîëå ñêîðîñòè ~u = (ux, uy) óæå íå ßâëßåòñß
ñîëåíîèäàëüíûì. Íåòðóäíî âèäåòü, ÷òî ñïóñòß ïðîìåæóòîê âðåìåíè ïîðßäêà íåñ-
êîëüêèõ âðåìåí ðåëàêñàöèè τ ñ ìîìåíòà t = 0 âëèßíèå âòîðûõ ñëàãàåìûõ â ïðàâûõ
÷àñòßõ ðàâåíñòâ (6.27), (6.28) ñòàíîâèòñß íåçíà÷èòåëüíûì.
Çàêëþ÷åíèå
Àêòóàëüíûì ßâëßåòñß íàó÷íîå íàïðàâëåíèå, ñâßçàííîå ñ ðàçðàáîòêîé íîâûõ
ìåòîäîâ ïîñòðîåíèß òî÷íûõ ðåøåíèé êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé êàê äëß
óñòàíîâèâøèõñß, òàê è äëß íåñòàöèîíàðíûõ òå÷åíèé. Îñîáûé èíòåðåñ ïðåäñòàâ-
ëßþò ðåøåíèß, ñîãëàñóþùèåñß ñ ýêñïåðèìåíòîì. Åñëè ýòè ðåøåíèß çàâèñßò îò
ïàðàìåòðà τ , òî âñòàåò âîïðîñ îá èõ ïîâåäåíèè ïðè τ → +0. Â íåêîòîðûõ ñëó÷àßõ
(ñì. [4], [5], [8]) ïðè òàêîì ïðåäåëüíîì ïåðåõîäå ìîæåò ïîëó÷èòüñß òî÷íîå ðåøåíèå
ñèñòåìû ÍàâüåÑòîêñà.
Äðóãàß ïåðñïåêòèâíàß è èíòåíñèâíî ðàçâèâàþùàßñß â ïîñëåäíåå âðåìß îáëàñòü
èññëåäîâàíèé  ïîñòðîåíèå ÷èñëåííûõ ìåòîäîâ ðàçëè÷íûõ ïîðßäêîâ àïïðîêñèìà-
öèè äëß ðàñ÷åòà ãèäðîäèíàìè÷åñêèõ òå÷åíèé íà îñíîâå ïîëíûõ èëè óïðîùåííûõ
óðàâíåíèé ÍàâüåÑòîêñà, ãäå â êà÷åñòâå èñêóññòâåííûõ ðåãóëßðèçàòîðîâ âûñòóïà-
þò ðàçíîñòíûå àïïðîêñèìàöèè çàâèñßùèõ îò τ ÷ëåíîâ â ÊÃÄ óðàâíåíèßõ [13]-[16].
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